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Abstract: For n ^ 2, we establish the smooth effects for the solutions of 
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1 Introduction 

In our earlier paper |30j, we consider the Cauchy problem for the fourth order 
nonlinear Schrodinger equations with three order derivatives (4NLS) 

iu t + A 2 u-eAu = F((dy) laK3 ,(d:u) lal<3 ), u(0, x) = u (x), (1.1) 

where e G {0, 1}, u is a complex valued function of (t, x) G 1R x M. n . 

Au = \if &u, A 2 u = |e| 4 &u, (1.2) 

F : C^ n3+2n2+J Sr™ +2 — > C is a polynomial of the form 



F(z) = P(z u ...,zi n3+2n 2 + n. n+2 ) = Yl C P Z ^ cpeC. (1.3) 
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2 + 8/n m ^ M,m,M G N. In this paper, we keep on studying this problem 
mainly with the method in [26J . 

The fourth order nonlinear Schrodinger equation, including its special forms, 
arise in deep water wave dynamics, plasma physics, optical communications (see 
[6]). A large amount of work has been devoted to the Cauchy problem of dispersive 
equations, such as IBl SI 1^ IBl ISl DI3 Dill 021 [IS IISl [ISl IIZl IIEl 1211 122] and. references 
therein. In [21], by using the method of Fourier restriction norm, Segata studied a 
special fourth order nonlinear Schrodinger equation in one dimensional space. And 
the results have been improved in [T2l [22] . 

In [26], Wang, Han and Huang discussed 

iu t + A±u = F(u, it, Vu, Vw), u(0, x) = u (x) (1.4) 

where A ± m = Y^i=i e i^Xi U anc ^ £ i e {~ 1> 1}' * = 1> •••> n - They proved (11.41) is global 
well-posed in modulation spaces M| 1 (M n ), s ^ 3/2. 

1.1 M| ;1 and B s 21 

In this paper, we are mainly interested in the cases that the initial data Uq belongs 
to the modulation space M| x for which the norm can be equivalently defined in the 
following way (cf. [3 EH 123 EZj): 

where (fc) = 1 + Qfc = {£ : —1/2 < £j — fcj < 1/2, i — 1, ...,n}. For simplicity, 
we write M 2i i = M^. Since only the modulation space M|j will be used in this 
paper, we will not state the defination of the general modulation spaces , one 
can refer to Feichtinger [7j . Modulation spaces M| 1 are related to the Besov spaces 
B\ x for which the norm is defined as follows: 

oo 

ll/lk, = ll^/IUw,!)) + Y, 2Sj \\^f\\v(m*)\B(o,2i-i)), (1.6) 

where B(xq, R) := {£ G K : |£ — Xq| < i?}. It is known that there holds the following 
optimal inclusions between B^ +s , M| x and 5^ (cf. [251 [231 EZ] ) : 

<i 2+S C C B S 2A . (1.7) 
So, comparing M| x with I?^™^ 2 , we see that M| x contains a class of functions w 
satisfying IIwIImi, — 00 but ||ix||„ a +n/a <C 1. On the other hand, we can also find 

2,1 & 21 

a class of rough functions u satisfying ||w||b| = oo but ||w|| jvfj x "C 1. We have 
i?2 ( 2 C M2,i C L°° fl L 2 , this embedding is also optimal. 
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1.2 Main results 

We now give our results, the notations used here can be found in the section 11.31 

Theorem 1.1 Let n ^ 2, 2 < m < M < oo, m > 8/n. Assume that uq G 

and ||m || m 9/2 < 5 for some small 5 > 0. Then (11. ip has a unique global solution 

u G C(R, M 2 9 ( 2 ) n X, where 



nu=E E E (h?\Ku k u\ 

o=0,3 i,£=l feeZ™, |fci|=fc max >4 



L " L L),^ L ?( R1+n ) 



+ E E E^> 3/2 ~ 3/m lte D H 

o=0,3 i,£=l fcGZ" 
n 

+ E E E ^) 3/2 RAHL^n^--) > (i-8) 

0=0,3 <=i fcez™ 
where k = (ki, ...,k n ). Moreover, \\u\\x ^ 5. 

In Theorem dm if u G M| ;1 with s > 9/2, then we have u G C(R, M| >;L ). When the 
nonlinearity F has a simple form, say, 



iitt 



+ A 2 m-£Am = ^A^(m Ki+1 ), u(0,a?) = «oO), (1.9) 



i=i 



For this special forms, we have 

Theorem 1.2 Let n ^ 2, ^ ^ 2 V G N, A; G C, k — mini<j< n Kj. Assume 

that Uq G M|{ 2 and ||wo|| M 3/2 < 5 for some small 5 > 0. TTjen (11. 9p /ias a unique 

global solution u G C(M, M^i) fl X ; where 

n 

IM|xi=E E (^i) 3 IPfcM|| L?;i 2 Z-?(R 1 +«) 



i=i fceZ", |fci|=fc max >4 

+ EE^ 3/2_3/k ii d ^ii 



i=l 



i S i i S.)^- I '* C R1+n ) 



+ (A;) 3 / 2 ||n fc M|| if)i 2 nL 2+ K(Rl+n) . (1.10) 



Moreover, \\u\\x 1 < 5. 

We remark that in Theorem ll.2[ the same result holds if the nonlinear term <9 3 . (u Ki+1 ) 
is replaced by d^.{\u\ Ki u) {ki G 2N). 
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Corollary 1.3 Let n ^ 2, s > (n + 3)/2. Let X and Xi be as in Theorems \l.l\ and 
li.M respectively. We have the following results. 

(i) Let 2 < m < M < oo, m > 8/n. Assume that w H s+3 and ||w ||/p+i < 5 
for some small 8 > 0. Then has a unique global solution u G X. 

(ii) Let Kj ^ 2 V ^, G N, A,, G C. Assume that w G IP and HwoII/p — $ f or 
some small 5 > 0. T/ien (II. 9p has a unique global solution u G X\. 

1.3 Notations 

In this paper, we use the same notation as [26]. The following are some notations 
which will be frequently used in this paper: C, K, N and Z will stand for the sets 
of complex number, reals, positive integers and integers, respectively, c < 1, C > 1 
will denote positive universal constants, which can be different at different places. 
a < b stands for a < Cb for some constant C > 1, a ~ b means that a < b and b < a. 
We write a A 6 = min(a, 6), a V b = max(a, 6), /c max = maxi</< n \ k{\. We denote by 
p' the dual number of p G [1, oo], i.e., 1/p + 1/p' = 1. We will use Lebesgue spaces 
L p := L p (R"), || ■ || p := || ■ \\ LP , Sobolev spaces H s = (I - A)- S / 2 L 2 . Some properties 
of these function spaces can be found in [21 Elj. We will use the function spaces 
L q t L p £ (W l+l ) and L p x L q t (W l+l ) for which the norms are defined by 



L?i£(R™+l) - llL£(R")||£9 (R ) > NJ||L£L?(R»+i) ~ \\\\J\\L q t {M,)\\ L v (Rn y 

22, t (R B+1 ) := W(M n+1 ). We denote by LgLg^L? := I^Lg^ Lf (K 1+n ) the 
anisotropic Lebesgue space for which the norm is defined by 



iS?,...,» i _l,« i+1 ,...,«„it a CKxR»-l) 



;i.ii) 



It is also convenient to use the notation LPJ-L^ _ Lf 2 := L P }L P l s Lf 2 . For any 
1 < k < n, we denote by JP Xl ,...,x k the partial Fourier transform: 

(^ 1 ,..,xjm,...,tik,x k+1 ,...,x n )= [ e- i ^ + - +x ^f(x)dx 1 ...dx k (1.12) 

and by £ fc the partial inverse Fourier transform, similarly for ,^ t ,x and J^f 1 . 

J? := ■= ^]..;in D k = (- d lY /2 = &&M a &xi expresses the 

partial Riesz potential in the x« direction, d^ 1 = (i^) -1 ^^. We will use the 
Bernstein multiplier estimate; cf. [21 [21] ■ For any r G [l,oo], 



^"V^/llr < C||^||^||/IU s > n/2. (1.13) 
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We will use the frequency-uniform decomposition operators (cf 
{ck}kGZ n be a function sequence satisfying 

' <7*(0 ^c, V£GQ fc , 

supp tr fe C {£ : |f - fc| < v/n}, 

E fceZ ,^(0 = i, veer, 

k \D a cr k (0\ <C m , V£ G M n , |a| < m G N. 
Denote 

T = {{o- fc } feeZ n : {(Tfc} feeZ n satisfies (11.141) } . (1-15) 

Let {cTfc}fc G z" G T be a function sequence and 

n k := &- l a k 3?, k G Z n , (1.16) 

which are said to be the frequency-uniform decomposition operators. One may 
ask the existence of the frequency-uniform decomposition operators. Indeed, let 
p G S^(M. n ) and p : R n — > [0, 1] be a smooth radial bump function adapted to the 
ball B(0, y/n), say p(£) = 1 as |£| < y/n/2, and p(£) = as |£| ^ y^n. Let p^ be a 
translation of p: Pfc(£) = p(£ — A;), G Z n . We write 

We have {fjk}kez n E T. It is easy to see that for any {rjk\ k & n E T, 

II/IImi.-EWII^/II^w- 

We will use the function space [L v t L r x (I x W 1 )) which contains all of the functions 
f(t,x) so that the following norm is finite: 

Wf\\e^ s (L p t Lr(IxR")) := ^2( k ) S \\ n kf\\L p t L-(IxR")- (1-18) 

fcez™ 

For simplicity, we write t u {LF t U x {I x R™)) = £^°(L p t L r x (I x R")). 

This paper is organized as follows. In Section [5] we show the smooth effect esti- 
mates of the solutions of the fourth order linear Schrodinger equation in anisotripic 
Lebesgue spaces with □^-decomposition. In Sections [3] and H] we consider the 
frequency-uniform localized versions for the global maximal function estimates, 
the smooth effects with □^-decomposition , together with their relations to the 
Strichartz estimates. In Sections [5] and [6] we prove our Theorems 11.21 and 11.11 re- 
spectively. 



(29J EH1 El]). Let 



(1.14) 
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2 Smooth effects with □^-decomposition 

In this paper, we always denote 

S(t) = e it{A ' 2 - £A) = jr-y(l«l 4 + £ l€lV, fi/f{t,x) = S{t- r)f{r,x)dr. 

Jo 

where e = 0,1. 

Proposition 2.1 For any k = (ki, k n ) e U 1 , \kj\ = fc max , i = 1, ...,n, we have 



p k d 3 Xi *ff\ 



< 



(2.1) 



Proof. Firstly, we assume e — 0. We only give the proof of the case i = 1 , the 
other cases is identical due to the symmetry. Observing that 



dl^f = c^-^—^f 
If I ~ r 

Using PlanchereVs identity, it is equivalent to prove 



[2.2) 



6 lt|4 



~"xi f 



L S°i L ( 4j )^i L ?( Rl+n ) 



[/sing Young's inequality, it is suffices to prove 



< ||^>*(0/|| L1 



(2.3) 



sup 



& ici 4 



lei -r 



< c. 



(2.4) 



We give the proof of ( 12. 4p according to r > or r ^ 0. Obsering that in this case 
we have |£i| ~ max |^| ,j — 1, n, ||£| — fc| ^ y'n. Therefore, when r^O we /iai>e 



sup 



J? 



6 iei 4 -r 



< 



<c 



When t > 0, for simplicity we drop o~k(£). From |£| 4 — r = (|£| 2 — v^")(l£| 2 + V^)> 
and let |£| 2 = X^^=2^j' 2 - ^ e ^ fl,ye 



e 3 



(ler-v^xier+v^ 
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— f ii e ixi?1 d£i 

j {tt+\i\ 2 -^m+\i\ 2 + ^) 

When |£| 2 — y/r ^ 0, we easily get the desired result. 

When \l\ 2 - v/7 < 0, we let A 2 = -(|£| 2 - yfF) and B 2 = |£| 2 + y/T. We get 

f il e iXl ^dSi 

= / + // 



For part /, we /iave 



27 6 + ^4 e? + 5 2 



2 J Zi + A 
h + h 



-B' 



2j ^ l + Ae i +B 2 



e lXl ^d^ 



The part I\ is bounded onwing to Hilbert transform. For I 2 , by changes of variables, 
it suffices to show 



sup 



1 1 



l + (ll+^l 2 



e^d^ < C 



(2.6) 



where D — ^. Using the fact that = , we have 



i + ^i + D^ 2 



< 



l + D 2 i 2 

1 



< 

< c 



1( 

1 xi 



The part II is similar to I, so we get the result desired. Now we consider the case 
e — 1. Comparing the proof of the case e = 0, it suffices to show 
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sup 



41 iei 4 + iei 2 -r 



< C. 



When t ^ ; the proof is i dentica l to the case e = 0. Observing that when r > 0, 
we can choose T2 = — | + y| + r>0 sncn £/mt 



|e| 4 + K| 2 -r=(|e| 2 -r 2 )(|e| 2 + r 2 + l) 



which is turn to ( 12. 5ft . 



(2.7) 
□ 



Remark 2.2 We assume = /c max in Prop I2~T1 For the general case, see Section 
H]for details. 

Proposition 2.3 For any k = [k%, k n ) e Z n , \ki\ — k max , i = 1, n, we have 



PkDl[ 2 S{t) 



u \ 



(2.8) 



Proof. v4s Prop \2.1\ we only need to prove the case i = 1. 5y Plancherel's identity, 
we have 



U k D^S{t) 



u \ 



^i L L)^i L ?( Rl+ ") 



We can assume £i > ; otherwise we let = — £i. Making variables change r\ 
|£| 4 + £ |£| 2 and nsm<? Plancherel's identity, we have 



< 



< 



< 



< 



i S°i L (e,)^i L *( Rl+n ) 

^(e("))ei f (")e it ^o(e(^))e ix ^W(iei 2 + ^)- 1 er 1 (")dn 



^(e(«))e?(")«o(e("))(iei 2 +£ 
^(oeko(0(iei 2 +^)- 1 (iei 2 +£) 1/2 d 

IM0£i(l£l 2 + 0- 1/2 £>(0 

l|wo|| L 2 



□ 
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By the duality of (12.81) . we have the following 
Proposition 2.4 For any k = (ki, k n ) E IP , \ki\ — k max , i — 1, n, we have 

3 Linear estimates with D^-decomposition 

In this section we consider the smooth effect estimates, the maximal function es- 
timates, the Strichartz estimates and their interaction estimates for the solutions 
of the fourth order Schrodinger equations by using the frequency-uniform decom- 
position operators. For convenience, we will use the following function sequence 
{o~k}kez n - Now we recall some results in [2"o] . 

Lemma 3.1 Let r\ k : R — > [0, 1] (k E Z) be a smooth-function sequence satisfying 
condition (11.141) . Denote 

0fc(O ■^Vki(^l)-Vk n (^n), k=(ki,...,k n ). (3.1) 
Then we have {(Jk}kez n £ Y. 

Lemma 3.2 For any a E R and = (&i, k n ) G Z n wift ^ 4 ; we /iai>e 

Replacing D°. by d°. (a EN), the above inequality holds for all k E Z n . 

Remark 3.3 From the proof, we can get that the < in Lemma I3T21 can be strength- 
ened as ~. In fact, taking v = D°.u in (13. 2p and noticing a E R, we can get the 
reversal inequality of (13.21) . 

The next lemma is essentially known, see [25, 29J. 

Lemma 3.4 Let Q C R n be a compact set with diamft < 2R, < p < q < oo. 
Then there exists a constant C > 0, which depends only on p, q such that 

11/11, KCR^-W \\f\\ pj WfEL p n , 
where L p n = {/ G S'(R n ) : supp/ C ft, ||/|| p < oo}. 
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Here we emphasis that we can find a constant C > uniformly holds for all 
k G Z n in Lemma [3.41 

It is known that S(t) satisfy the following L p — L p ' estimate: 

\\S(t)f\\ p < Itp/^/rt \\f\\ pl , | t | > i; 2 < p ^ oo, (3.3) 
Using the same procedure as in [22], we have 

ip*s(f)/iip s E Pw/iip' > 2 < p < 00 ( 3 - 4 ) 

where A = {/ G Z" : 5(0, ^n) n 5(Z, ^/n) ^ 0}. 
Combining (13. 3p and (13.41) . we have 

\nS(t)f\\ p < (1 + |i|)-/4(i-2/p) £ || Dfe+ J|| p , , 2 < p < 00 (3.5) 

zeA 

Using (13. 5p and following the procedure in [28], we get the following 
Lemma 3.5 Let 2 < p < 00, 7 ^ 2 V j(p) 7 

1 1- 
ni 1. 



t(p) V2 P 

T/ien we /iave 



( Lt (IR,LP(R n ))) ^ 

IMIm 2i1 (r«), 



^(L^(K,LP(R™)))n^(L°°(K,L 2 (R™))) ~ II •/ {Li' (R,Lp'(M™))) • 

In particular, if2 + 8/n<p< oo, then we have 

ll^/ll^(L^(Ri+«))n^(L-Ll(Ri+")) £ ll/ll^l(L^(Kl+»))- 

In [13], when n ^ 3 Ionescu and Kenig showed the following maximal function 
estimates: 

||A fc S(t)wo|Ui l°° l? c (ri+«) < 2 (n ~ 1)fc/2 || Afc-uolU 2 ^). (3-6) 

Combining their idea and the frequency-uniform decomposition operators as [26J, 
we obtain the following 

Proposition 3.6 Let 8/n < q < oo, q ^ 2 and k = (k\, k n ) G Z n , we have 

\O k S(t)Uo\\ L ^ L o° ^ L°°(]Rl+n) < (&max) ||^^o|U 2 (R n )- (3-7) 
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Proof. It suffices to prove 



< (Aw^italUw (3.8) 



By a standard TT* method, it suffices to prove 



izi£i^M(l?| 4 +e|C| 2 ) 



5 k (0e 1Xlkl e^e 



< (k max ) 6/g (3.9) 



where k = (k 2 , k n ), x = (x 2 , x n ), £ = (£2, ■■■,£ n )- For convenience, we give the 
details of (13. 9p when n = 2. The general case can be treated similarly. 
When n = 2, we can write (13.91) as following 



Tl/ 2 too 



< (Aw> 6/ " (3.10) 



Making variable changes £j — kj — — 1, 2, ie. £ — k = /1, we have 



i=i 



T l/ 2 Too 



< (k ) e/q 

r^j \ n, max/ 



(3.11) 



We use the L denotes the left of (13.111) in later proof. Expanding the term 
|£ + fc| 4 + £:|£ + A;| 2 , we obtain three sorts of terms. 

Firstly, the term such as kf, fc|> •••> 2{kik 2 ) 2 have no relation with the integral 
variable \i. For these terms, we have 



.Jlitikxkif 



I. 



Secondly, noticing /i ~ 0, we can treat terms such as /4>/4> {\i\\i 2 ) 2 as the first 
case. 

Finally, the main contribution to the L in the remainder terms such as fJL\k\ , /J, 2 k 2 . 
We treat this case according to \kx\ = k max or \k 2 \ = & max . When \ki\ = k max , for 
(13.111) . we need to prove 



Using the above analysis about |£ + /c| 4 + £|£ + /c| 2 , we have 



(3.12) 



<W Yle^e^^e^^+^uoifi + k)d^ 2 
3=1 



(3.13) 



jll 2 TOO 
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In view of Lemma O, we can write D k = &~ 1 r) hl {£ 1 )...r) hn (£ >n )& := &~ 1 7]k 1 (£i)T]k(£)&. 
For one thing, in view of the decay of □fc5(i) 

ii^r^^ia^ik-^) < a + iti)- ( - i)/4 , 

||^-l e i^ + ^) %i(6) || L?i(R) < (1 + | f | r i/4 

For other, integrating by part when x% is 4/cf |£| + 1, 

< 



Therefore, when xi ^ 4&f |t| + 1 we have 

-2 



Fi 



L<\\\xi\ *1|^<C (3-14) 



When xi < 4fc? |t| + 1, observing (1 + |t|)- n / 4 < (kf) n ^((kf) + |xi|)- n/4 , we have 

L <(^) 1/2 ||((^) 3 +N|)- n/4 || <(R) 

< (^i) 6/9 (3.15) 

Observing the above argument also holds with change the place of k\ and &2 when 
I ^2 1 = fcmax • From this, we can see why the right of (13. 7h is k max . □ 
By duality of Proposition 13.61 we have the following 

Proposition 3.7 For 2 < q < oo, q > 8/n and k = (k\, k n ) G Z n , we /jave 

□ fc f S(t-r)f(r)dr < (k max ) ^ \\ U k f\\ L < # » (3.16) 

In view of Propositions 12.11 and 12.41 we have 

Proposition 3.8 For any k = (ki,...,k n ) G Z n and \ki\ = k max ,i = l,...,n, we 

have 

||n fc ^^ /|| ? L 2 (Rl+n) <\\OJ\\ L l L 2 L 2 {Rl+n) , (3.17) 

P^JL-lu^) $ (^a X ) 3/2 |p fe /||^^. ) ^ i f(«x + «). (3.18) 

Proof. ( 13.17ft holds by Proposition 12. II directly. In the case \ki\ ^4, ( 13. 18ft holds 
by Proposition 12.41 and Lemma [3.21 In the case \ki\ < 3, in view of Proposition 12.41 

ll D fe^ 9 i/L r L2(Ki+«) ~ \\ D x t 3/2n k^d 3 x j\\ L ^ LUR1+n) < ||Dfc/|Ui.r» sj) ^ 4 Lf(Ri+«), 

which implies the result, as desired. □ 
By the duality and Christ-Kiselev's Lemma in anisotropic Lebesgue spaces [26], 
we have the following 
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Proposition 3.9 For 2 < q < oo,q > 8/n and k = (kx,...,k n ) G Z n , = /c ma x; 
i = 1, n ; we have 

\P^ x j\\ < (k^'W'inn^ xf (K ^). (3.i9) 

Proposition 3.10 Let 2 < r < oo, 4/7(r) = ra(l/2 - 1/r) and 7 > 7(r) V 2. We 
have 

\\D k S(t)u \\ L -r L r {Rl+n) < ||n fc Mo|| L 2(Rn), (3.20) 

IPfc^//|| L oo L 2 nL 7 L r( R l + n) < 1 1 □& / 1 1 £r' ( K l + n ) 5 (3-21) 

llDfc^/H^ r(R1+n) < (/c max ) 3 / 2 ||n fe /|Ux. £? L?(Kl+n) , (3.22) 

\P^ d lf\\ L ~L> , zz^Sik^^nnrfx^y (3-23) 

1 ^ x j 'inl- 
and for 2 < q < oo, q > 8/n, a = 0,3, 

P^^l^l?^) £ (^a X ) Q+3/9 |p fe /|| i y^ (Rl+ „ ) , (3.24) 

Proof. (EQOj) and fl3~2H hold by ESI We now show f[3~22l . We use the same 
notations as in Proposition 13.91 By Lemmas 13.51 13.21 and Proposition 13.81 

< (fc max ) 3/2 ||D fe /|| L i iL 2 2 ^ i?(Rl+n) \\D k ij\\ L y Lr , {Rl+n) 

< (fc ma x) 3/2 |p fc /||^ iii2 ,..._ i?(Rl+ ,) U\\ L f L rj^ +n) • (3-25) 

By duality, f)3.22p holds by (13.321) and Christ-Kiselev's Lemma. Exchanging the 
roles of / and ip, we immediately have (13.231) . (13.241) holds by Lemmas 13.51 13.21 and 
Proposition 13.71 □ 
we summarize the main conclusion of this section as following: 

Corollary 3.11 For 8/n < p < oo, 2 < q < oo, q > 8/n and k = (ki, k n ) G Z n , 
\ki\ = fc max , i = 1, ...n. We have 



\\Dll 2 U k S{t)u \\ LOOL2 L2 < \\n k u Q \\ L * m , (3.26) 

lL^ p nL-L2(Ri+«) 



\D k S(t)u \\ L q L?o r°°(Rl+») ~ (^max) 3/9 |PfcMo||L2(R™), (3.27) 

*4 (XjjJ^l t \ t 

\a k s(t)u \\ 

L 2+p n L°° L 2 (K 1 + n ) ~ IP/c' u o||l 2 (1R' 1 ); (3.28) 



(3.29) 
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£ x £ 3 x \ / 



')■ 



(3.30) 
(3.31) 



,(2+p)/(l- 



■P) 



*j L S£,...,*n 1 't O Rl+n ) ~ ( fc max) 3+3/9 |Pfc/|| L (2+p)/(H-p) (M i + „ ) , 



\ n k^f\\ L oo L 2 nL 2+P {R l + n) < IPfc/ll^+Pj/d+Pl^l + n) 



(3.32) 
(3.33) 
(3.34) 



4 Linear estimates with derivative interaction 

Recall that in Prop 12. 11 we assume that \ki\ = k max for any k G Z n . In view of (13.291) 
in Corollary 13.11^ the operator stf in the space L™L X2 Xn L^(M} +n ) has succeed in 
absorbing the partial derivative 9| . However, it seem that can not deal with the 
partial derivative d X2 in the space L^L^ 2 iX Lf (R 1+n ). So, we need a new way to 
handle the interaction between L°°L 2 _ L?(IR 1+n ) and <9;? . 

Proposition 4.1 For i = 2, n, 2 < g < oo, g > 8/n. Let 4 < r < oo ; 2/7(7-) = 
n(l/2 - 1/r), 7 > 2 V7(r)4. 
For = fc max; we /jai>e 



II n*^/ 
||n^ 3 ^/ 

For = fcmax; we /zai>e 



foo f2 



J oo J 2 

±J xi ±J X2,---,x n 



L 2 (R1+Jl) < ll^ i ^ 1 3D fc/llLl 1 Ll 2i ... i ^Lf(Ml+n), (4-1) 

i?(Kl+n) < K^njfc/ILy^cRi+n), (4.2) 



c l Z2>"-> a; n 



(fc max )2 + ^||n fe /|| L i L? 



2 Lf(Rl+»), 



l°^V/|L 



x l x 2,~; x n t 



< 

Lf J (R 1 +") ~ 



<A; max > 3+ i||n^/|| 



(4-3) 
(4-4) 



Proof. From Proposition 12.11 we can get (14. ip directly. As before, we only give 
the proof when i = 2. For (14. 2p . because of 




S(t-r)% 2 D k f(r)dr, i>{t)\dt 



< 



[ S(-r)dl 2 D-^n k f(r)dr U k D^ [ S(-t)^(t)dt 



(4.5) 
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By the Strichartz inequality and Proposition 12.41 



(4.6) 



By duality, (14.61) implies (14. 2p . The proof of (14. 3[) is similar. From Propositions I2.4[ 
13.71 and Lemma | 



c{dl 2 u k f^)< 



S{-r)Dln k f{r)dr 



□ fc / S{-t)i>{t)dt 



L 2 (R n ) 



(4.7) 



(TOD is the duality of (fE7|) . For (O]) . noticing that 



5(-r)^n fc /(r)dT 



L 2 (R n ) 



□ fc / S{-t)1>{t)dt 



L 2 (R n ) 



<<Aw)^^ 8/, ||V'll^ £ ^__^ P |i^jlP*/ll^^ CR i + . ) , (4-8) 



which implies (14.41) . as desired. 



□ 



Lemma 4.2 Lei i/> : [0, oo) — > [0, 1] be a smooth bump function satisfying ifj(x) = 1 
as \x\ < 1 andiP(x) = i/|ar| ^ 2. Denote^) = V>(6/2fi), ^(0 = 1-^(6/2^), 
(el n . Then we have for a ^ 0, 



k&Z", |fci|>4 

< E <^>- ii^/ii^x^g 



| i? 1 ^ 2 ,...,x n ^f(» 1+n ) 



(4.9) 



arid /or a ^ 3 ; 



iS° 1 ii 2 ,...,x Il ^(K 1+ ") 



E ^> CT \\^ 2 ^ xi ^u k dly f 

fcez™, |fei|>4 

< £ (*ir 3 <* 2 > 3 |P*/1|^ 2 ,...„„L f(Rl+ n) 

fcez n , |fc 2 |>4 



(4.10) 



Proof. For the terseness of proof, we let 

7 = II^T^i^^n^X/l 
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Firstly, we give the estimate of /. Let r)k be as in Lemma 13. 1L For k G Z n , 
| fci| > 4, applying the almost orthogonality of D k , we have 



E 

Ki|,N<i 



6 \ /6x3 



i=l,2 



^^ 2 ,...,,„i?(» 1+n ) 

(4.11) 



Denote 



(f®u9)(x)= f(t,x 1 -y 1 ,X2-y 2 ,x 3 ,...,x n )g(t,y 1 ,y 2 )dy 1 dy 2 . (4.12) 



We have for any Banach function space X defined on M 1+n , 

11/ ©12 g\\x < IMU* (» a ) SU P H/('' • - - 

Hence, combining ( 14. lip with (14.13p . 



(4.13) 



|/i|,|/a|<l 



< * 1 ' ?1 i=l,2 



X'l 



L 1 (M 2 ) 



^l 2 ,..,*„£?(« 1+n ) 
(4.14) 



Using Bernstein's multiplier estimate, for \ki\ > 4, we have 

6 \ ,6s 3 



51 >?2 r 



2^1/ V 



n vh+tMi) 



1=1,2 



< 



E 

H<2 



Hll) ( l )3 n 



< i. 



(4.15) 



By Proposition ESI (14.141) and ( 14.151) . we have 



(4.16) 



Next, we consider the estimate of II. Using Proposition 14.11 

11 ~ \\^]zS&/^^*^ U kf\\ L l iL l 2 Kn L?(Rl+») 



< 



E 

Ki|,N<i 



6 \\ /6\3 



2^1/; ^ 



n Vki+eMi) 



8=1,2 



L!(M 2 ) 
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x IWIk^ , n ^(^-) ■ ( 4 - 17 ) 

Notice that supp^ C {£ : |6l ^ 2|6|}- If \ki\ > 4, we have \k 2 \ > 6 and \k 2 \ ^ 
| A?x 1 i n the summation of the left-hand side of (14.101) . So, J2kez n |fci|>4(^i) <7 -^ < 

SfcGZ", |fci|>4 



Vk.+i, (6) 



i+(R 2 ) 



;$E D ° 

|o|<2 



1 --0 



26 yy v 



n v^Mi) 



i=l,2 



L 2 (R 2 ) 



Collecting (14.161) and (14.181) . we get the result, as desired. 



(4.18) 
□ 



Lemma 4.3 Let = (fci, k n ), 2 < q < oo, q > 8/n. Then we have for a ^ 
and i,a = 1, n, 



E (*>'ll n *« 



< E (^) CT+3/2+3/9 |P^llLi L ? , L ?(Kl+ n)- 

kail/ 1 , [ fccw | = fcmax>4 



(4.19) 



Proof. First, we consider the case a = 1. In view of (13.301) and |fci| = A; max > 4, 



l n *^i^ll£S 1 ^ > ...,« B £r(» 1+n ) ~ ^ 



51 1« 



e 

6 



'^^+4(6)^1+^(6) 



L 1 (M 2 ) 



«l|,|A|<l 

x IPfc^i-^/lks^ss, ir(K 1+n ) 

<(fc l ) 3 (^i)^(A:i) 3/2+3/ ' ? |p fc /IUi i ^ 2i ..._ L? ( Kl+ .) 

^^■^IPfc/II^LS,,...^^)- (4-20) 

(14.201) implies the result, as desired. Next, we consider the case a = 2, the general 
case a = 3, ...,n is similar. Notice that \k 2 \ = k m3jX > 4. By (14.31) . 



*« IIXg 1 L« ) ... )1(n £,f (Ri+») 



< 



K2|,|4|<i 



6 



L 1 (R 2 ) 



< (^) 3 (^)~ 3 (A: 2 ) 3/2+3/ ' ? |p fc /|| 



^i a i4 1 ,«3....,«n L ?( R1+n ) 



(4.21) 
□ 
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Remark 4.4 From the proof of Lemma 14.31 we easily see that for (3 = 1, ...,n 



E <*>1 n *% 

feeZ«,|fec < |=fcm a x>4 



k€zW* n , \k(y. |— fcmax>4 



5 Proof of Theorem 1.2 



Before we prove our main Theorem 11.14 we consider it's special version-Theorem 
11.21 As assumption, the nonlinear term takes the form 



F(((9»| QK3 , (#fl)|«K3) = E A ^ 3 >" +1 

1=1 



Denote 



Pl( M )=E E (*i) 3 |l n *«llLS?L? Bj) ^CR 1+B )' 

i=l fceZ", |fci|=fc max >4 

n 

pM = E E (fc) 3/2 ~ 3/ 1PHU^ , v L r (Ri+n), 

f=l fceZ" 

= E^^ 3/2 ll nfcM l^r^n^ K (iR 1+ ")- 

Put 

X := Ju G : ||u|U := ^ 5 ° 

I 4=1 

Considering the following integral mapping: 

ST : u(t) -> 5(t)« - i-fif ^E A ^ 3 ^ Kl+1 J • 

Firstly, we estimate || *S , (t)xt 1| j»sr • 
For simplicity, we denote 

W U W Y i = E {ki) 3 \\O k u\\ L ^ L 2 L2(Rl+«)- 

fcez«, |fc i |=/c max >4 

For the estimate of pi(tt), it suffices to control || • H^. By (12. 8p and Plancherel's 
identity, we have 

ll^(*)«olki S E (h^wn.D-^uoh^) 

k& n , |fci|=fc max >4 
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< J>i) 3/2 ||ta|U w . 

k&L n 

For P2(u), using Prop 13.61 we obtain 
Therefore, we have 



P 2 (S(t)V)< ^(A;) 3 / 2 |p fcM o|U 2 (^ 



For P3(m), using Lemma [331 we have 

P 3 W)« )< X>> 3/2 H n fc w °IU 2 (« n ) 



Secondly, we estimate ($^=i Aj<9ii?.'u' <;i+1 ) IU- 
For the simplicity of proof, we denote 

S« := {fc«,...,A;^ +1 ) G Z n : | A;f ) | V ... V > 4}, 

Sg := G Z n : V ... V |£f £+1) | < 4}. 

Using the frequency-uniform decomposition, we have 

u Kt+i = ^ □ fc( i)U.„n jfe („ < +i)U 
fe( 1 ),...,fe( K /+ 1 )ez n 

= □ fc (i)M...D fc (^+i)M + /J n fe (i)tt...n fc (« / +i)W. (5.1) 

Using fl3~2H and (JS32D, we obtain that 
IK<9 x 3 ,u Kl+1 lk < E (^> 3 Sll n fc( n fcW«--- D *(-i+««)IUi 1 ^ a ,...,. n ^(R 1 +») 

feGZ™, |/c 1 |=fc max >4 g(l) 

r (2+k)/(1 + k) ~ 1+ „i 

fcez™, |fci|=fc max >4 s (i) 
:=/ + //. (5.2) 

In view of the support property of □felt, we see that 

□ fc (D fc (i)M...n fc(K1+ i)M) = 0, i/ | A; - A; (1) - ... - A; (ki+1) | ^ C. (5.3) 
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Hence, by Lemma 13.21 

1 < ^2 ( fe l) 3 ^ IPfeWU— n k { Kl +i)u\\ L i iL 2 2 _ Z; 2(Ri+")X|fc-fc( 1 )-...-fc( K i+ 1 )|<C- 

fcez™, |fc 1 |=fc max >4 gW 

(5.4) 

By Holder's inequality and HD^-uH^oo < ||D fc M|| L 2 uniformly holds for all k G Z n , we 
have 



\\n k (i)U...O k ( K1 +l)U\\ L l iL 2^ ^fQRl+n 



«1+1 



i=2 

(1) 1>1+1)| 



we sec 



Since \k - fc« - ... - k^+^\ < C implies that \k x - k^> - ... - A;f 1+1J | < C 
that | ~ maXj = i j ... jKl+ i \k^ |. Without loss of generality , we may assume that 

\k^\ = max i=1 in the summation in ( 15 .4p above. Therefore, we 

' ' "1,1 

have 

J ~ ^l 1) ) 3 |Pfca)W|lL-L| 2 ,... i:Cn L?(Ri+«) 

fe(l)6Z«, |fc$ 1) hfcmax>4 

Kl + 1 

X S II W D k^ U \\L Sl L^_ Xn L^ f)L?LU» 1+n ) 

k( 2 ),...M K1+1) ez n i=2 
<Pi(u)(p 2 (u)+p 3 (u)) K \ (5.5) 

In view of ( 15.31) we easily see that \ki\ < C in // of (15. 2p . Hence, 

|fci|=A: ma x>4 g(i) 

r (2+ K )/(l+«), 



~ IPfc( 1 ) M ---nfc(«l+ 1 ) W ll i ^+^/^ + ^( R l + n) 

S l,2 

Kl+1 

~ II IP^HIl^ n ~ ps(u) 1+Kl - (5.6) 

e>(l) i=l 
s l,2 

Hence, we have 

KC« K1+1 lk £ pi(«)(P2(«) +p 3 («)r +p 3 W 1+K1 - (5.7) 

Now, we turn to estimate Let be as in Lemma 14.21 For conve- 

nience, we write 

Pi = ^ 2 ^ Xl ,x„ i = l,2. (5.8) 
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We have 

\\^d 3 X2 u K * +1 \\ Yl < ||Pa^ 2 ^ 2+1 || yi + \\P 2 d 3 x yu^ +1 \\ Yi := III + IV. (5.9) 
Using the decomposition (15.11) . 

in < 



+ 



« 2 +l) 



ft 



:= Ilh + II I 2 . 



(5.10) 



s 2,2 



Using Lemma [4.21 and then taking the same way as in the estimate to (15.41) . we get 



< 



fcGZ", |fci|=fc max >4 s (l) 

Pi(u)(p 2 (u)+ P3 (u)r 2 . 



(5.11) 



For the estimate of III2, observing the fact that supp-^i C {£ : l&l < 4|£i|} and 
using the multiplier estimate, then applying (14.21) . we have 



iih < ^> 3 E H Dfe (n kW u..n kiK2+i) u) || 4 

fcGZ", |fcl|=fc ma x>4, |fc 2 |<|fcl| §<!) 
<P3(«) 1 + K2 . 



(3+/0/(l+<0ml+n) 

(5.12) 



We need to further control IV. Using the decomposition ( 15. ip . 
IV < 



+ 



«(2) 
S 2,l 

k 2 +1)W 



ft 



,(2) 
s 2,2 



ft 



:= IV X + IV 2 . 



(5.13) 



By Lemma 14.21 



JK< J2 (k 2 } 3 J2\\n k (n kW u...n k(K2+1)U ) ..., Xn m^ y (5.14) 

fc€Z'\ |fc 2 |=fc max >4 §(2) 

By symmetry of k^ K2+1 \ we can assume that \k^\ = max!<j< K2+1 \k^\ in 
(2) 

§2 i- Using the same way as in the estimate of J, we have 

IV X < (4 1) ) 3 |Pfe(i)W--- D fc(«2+i)M||Li i L2 2i ... i:Cn L?(Ri+")- (5-15) 

^2 1' 1^2 ^l r,J ^max>4 
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Using Holder's inequality, we have 



\D k (i)U..n k ( K2+ i)u\\ LliL 2 2! ^, 

1 1/ 2 I 



< \\n k (i)u\n k (2)u...o k ( K2 +i)u\ \\ L 2 it (Ri+n) 
x || |n fc (2)n...rj fc ( K2+ i)M| 1/2 || Z/ 2 ijL oo i:En L t ° o (Ri+") 



K2 + 1 



< 



I ^A«W^lli'^X'xi,ar3,...,iirn 



X 



i=2 



K2 + 1 



i=2 



Observing the inclusion L^L™ xJ-'V D c L**L™ _ Xn Lf, we immediately 
have 



/Vl<Pl(«)(p 2 («)+P3W)' 



(5.17) 



For the estimate of IV2, noticing the fact that supp-^2 C {£ : ^ 2|£i|} and 
applying (I4.2p . we have 

L (2+k)/(1+k)( R 1 + „-) 

feeZ", |fe 2 |=fc max >4 



,(2) 
J 2.2 



< 



< 



fc 2 |=/ 

p 3 H 1+K2 . 



(2+k)/(1 + k) , Rl + „ 



fceZ", |fc 2 |=fc max >4 § (2) 



(5.18) 



The treatment of the other terms in pi(-) is similar. Therefore, we have shown that 

(n \ n 

^(J>£u* +1 ) < £ (pi(«)(p2(«) + + P3(«) 1+Kl ) . (5.19) 

i=i / i=i 

For the estimate of P2( - )- Denote 

iNU = E<*> 8 ^ / ii n *«ik%^ 

We have 

/ n \ n 

^(^Afa^ 



', 00 fR 1 +". 1 >- 



(5.20) 



i=i 



1=1 



(5.21) 
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Observing the symmetry of Z\, Z n , it suffices to consider the estimate of || • \\z 1 - 
Recall that k max := maxi<j< n IkA. We have 



V k < 



+ Yl (k) 3/2 - 3/K \nv\\ 



E 



iS^SS, ...,»„ if ( Rl+ ") 



:=T 1 (v) + T 2 (v). 
In view of (14.41) and Holder's inequality, 



(5.22) 



\ %=i 



* E 

fceZ",fe max <4 



+i 



i=l 



< 



E E 

4=1 fc( 1 ),...,fc( ,t i+ 1 )eZ' 1 



£S 1 ^,..., a! „£? c (K 1+ ' 1 ) 

|n fe (i)it...n fe(Ki+ i)u|| 2+^ 

L T+^ (R1+n) 



~ E 7, IPfc( 1 ) M ll L 2+« l ( R l + n ) ---|Pfc(« 1 +l)«|| L 2+- l{R l + n ) 

i=1 fc( 1 ),...,Jfcto+ 1 )eZ" 



<E^r +1 - 



(5.23) 



i=l 



It is easy to see that 



iM'O < i E +•••+ E | w^ii^ii^,...,^-^'". 

|fci|=fc max >4 fceZ™, |fc„|=A; max >4, 

:=T\{v) + ... + T^{v). (5.24) 



Collecting the decomposition (15. ip . (14. 4p and Lemma 14731 we have 



<E E (^i) 3 En DA; ( nfc(i)M -- n fc K+i)M ) n^i^, ..,,„^(k i+ ") 

i=l fcgZ", |fc 1 |=fc max >4 g(l) 
n 

+ E E (A:i) 3 (A: m ax) 3/2 ^|pfc(n fe (i)n...n fc K + i)u) || 

r(2+K l )/( 1 +<S; fml+nV 

i=l fceZ™, |fci|=fc max >4 



(5.25) 



Following the way as in ( 15. 5ft and (15. 6ft . we can get 

/ n \ n 

rM ^(^>^ +1 ) ^E(^( M )^(«) + p 3 H) Kl + P3(«) 1+Kl )- (5-26) 



i=l 



i=l 
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For the estimate of Tf(-). By Lemma [4.31 and (14.4ft , 

/ n 



8=1 



1=1 fcgZ", |fc 2 |=fcma X >4 

n 

i=l fc GZ r lj |fc 2 |=fc max >4 g(2) 

i,l 

n 

1=1 fceZ™, |/C2|=/C m ax>4 g(2) 

(5.27) 

This reduces the same estimate as rj(-). The terms r^(-) for 3 < % < n can be 
controlled in a similar way as due to symmetry. Therefore, we have shown 

that 



n 

i=i 



< £ ( Pl H(p 2 (n) + p 3 H) Kl + P3(u) 1+ ^) . (5.28) 

Now we turn to estimate ^(^c^.m^ 4 " 1 ). Combining ( 13.211) with Lemma T3. 21 we 
have 

\\ n k^9l.f\\ LrLinL 2+ K{Rl+n) < ||n fc ^./|| i (2+ K) /(i+ K ) (R1+ „ ) 

< (k^\\D k f\\ 4Tmi+K)(Rl+ny (5.29) 
Collecting ([EI]), (15T29D and (13~3TD . we have 
p 3 (^ 3 i n- +1 ) 

£ E (^O^^max) 372 ||nfe(n fe (i)M...n fc (Ki+i)U) || L (2+ K )/(l+ K)(Rl+n) 

fceZ™, |fc!|<4 fe(l) GZ™ 

+ E ^!) 3 E IPfc( D fc(i)«-- D fc(«i+i)M) IL^L^ ^ 
E", |fei|>4 s (l) 



+ E (^l) 3 (^max) 3/2 2j IP* (□jfc(l)U...n jfe (K 1 +l)tt) || L (2+-)/(l+«) (R i+„ ) . (5.30) 

feez™, |fei|>4 s (i) 

Whether | A^x | = ^max > 4 or \ki\ = fc max > 4, i = 2, ...,n, using Lemma |4~2"1 (15.51) and 
(15.61) , we always have 

n 

P3 (*/d 3 Xl u^ +1 ) < £ (*(«)(/*(«) + + p 3 («) 1+k • (5.31) 
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Until now, we have shown that 

n 

II^IU<KII M 3/ 2 + ElHI^- (5-32) 

i=l 

Hence, Theorem 11.21 holds by a standard contraction mapping argument. □ 



6 Proof of Theorem 1.1 



When consider Theorem 11.11 we would like to follow some ideas as in the proof of 
Theorem 11.21 However, due to the nonlinearity contains the general terms (d^uf 
with | a | ^ 3,m. + 1 ^ \(3\ ^ M+l, the proof of Theorem 11.21 can not be directly 
applied. Inspired by Theorem 11.21 , the space X' we need is likely to be as following: 

{3 3 n 

£=l \ a \=0 i=l 

where a is a mult i- index and 

01 H = E ( k i) 3 \\O k u\\ L ^ L 2 L 2(R1+"), 

k<=Z n , |fci|=fc max >4 



0> 

Qh\ u ) — E (^) 3 ^ 2 |Pfc M IL;+ m nL? c Lgm 1 +"y 
fcez™ 

However, when Comparing with the estimates we have established, we hope the 
space as following: 

X:=Le ^'(R 1+n ) : NU := E E E < 4 ■ 

L £=1 a=0,3ij=l J 

Fortunately, we have the following: 
Lemma 6.1 X and X' -norm are equivalent. 

Proof. Obviously, we have \u\ x ^ IMIx'- For the reverse inequality, we only 
need show that when \a\ — 3 each term in the X' can be controlled by X. Firstly, 
we consider g^\d^u), \a\ =3. Without loss of generality, we can assume d£u = 
9 XlXm x u, l,m,o= 1, n. Then we have 

Qi\d XlXmXo u) = (ki) 3 \\O k d XlXmXo u\\ LTL 2 l2 (r i+„) 

i K x j)j^i 

fcez™, |fci|=fc max >4 
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By symmetry, we can assume (ki) = max{(fc;), (k m ), (k )} Using Lemma f3T2l and 
Remark 13.31 we have 

\\^kd XlXmXo U\\ L ^ L 2 Lf(Rl+n) ^ {h){km)(k )\\n k u\\ L ^ L 2 l2( R i+n) 

< (kl) 3 \\O k u\\ L ^ L 2 i2(Rl+n) 

Hence, we have 

Secondly, the g^id^u), \a\ = 3 can be treat in the same way as above. 

Finally, we estimate g^\d^u), \a\ = 3. Noticing the denotation of g^\d^u), it 
suffices to show X]/cez™(^) 3 ^ 2 |l'-'fc' u IUr L i( Rl+ ") ~ \\ u \\x- As before, we also assume 
d°u = d XlXmXo u, l,m,o = 1, ...,n and = max{(^), (k m ), (k )}. 

Using Sobolev imbedding Theorem, we have 

^2 (k} 3/2 \\n k dy\\ LrL 2 x{R i+ n) < ^2(k) 3/2 \\n k d XlXmXo u\\ LrL 2 x(R i+„ ) 

fcez n kez n 



Z \H\ X 



□ 



Considering the following mapping: 

ST : U(t) - S-(*)uo - i^F((a»| a | <3 , (^M)|a|<3) 

we will show that : X — > X is a contraction mapping. 
Since ||w||x — IMIx> we can assume that 

^((9» H <3, (^tt) w<8 ) = f(3» h<3 ) 

m+l<.R<A/+l 

where -R = i? + l-Ril + I-R2I + I-R3I , -Ri and |<Xj| = i, (i — 1, 2, 3) are multi- index. For 
simiplity, we denote 

Vl = ... = v Ro = u, v Ro+ \ Rl i+\ R2 \ +1 = ... = v R = d* 3 u. 
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By (EE), for a = 0,3, 

gf\b^.S(t)u ) < (kd 3/2 (k 3 ) 3 \\n k u \\ LHRn) < \\u \\ M ^. 

By (1X271) . fl3~2HD . we have for a = 0,3, 



Hence, 



IMU < ho\\ M 9/2. 

In order to estimate Qi\^ d%. (vi...v A )), i, j = 1, n, as before it suffices to estimate 
Qi\s^d^ {vi...v^}) and g[ (vi...v A )). Similarly as in (15. II) . we will use the 

decomposition 



D k (v!...v A ) = E Dfc (n kW v 1 ..n k( n ) v R ) 

+ ^2n k (D kW v 1 ...D k(Ji) v ii ) , (6.1) 



where 



S?> := fc(*> G Z" : life^l V ... V \kf ] \ > 4}, 

: = {JfeW .., jfe(^ G Z" : V ... V \kf ] \ < 4}. 

In view of ( T37T7T) and f[3T23j) . 

fcez™, |fci|=fc max >4 s (i) 

+ (ki) 3 (k inax ) 3/2 J2\\n k (n kW v 1 ...n k( n ) v n ) \\ &^ 

fcGZ", |fc 1 |=fc max >4 g(l) L t* 

:=/ + //. (6.2) 
Similar to (15. 5p . 

J < S ^i 1) )H D ^ i; ill^^ 2 ,...,,^?(K 1 +") 
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R 



>< e nn^^ii^- 1 ^,...^^^)- (6 - 3) 

fc( 2 ),...,fc(«)ez« 1=2 
By Holder's inequality and Lemma [3.41 

] fc« v i|lx*- 1 L» i „. i ^rj°(Hi+») 



'"=2. 

m i _ m 

< I Pi; W 1 1 L m Lg= ^ j3;n L t °o ( R i+n ) 1 1 Dfc W ^ i 1 1 (Rl+n ) 



Owning to Lemma 13.21 and Remark 13.31 it suffices to consider four cases: Vi = u , 



Vi = u Xj , Vi = u Xjj and v t = u Xjjp j = 1, ...,n. Collecting (E3J) and fyj, we have 

'<Nlf- (6-5) 



Similar to ( 15. 6ft . we see that < C in the summation of J/. Again, in view of 
Holder's inequality and Lemma ( 13.41) . 



IPfcWWl- «fl II < J| IPfcW^lliK+lfKl+n) 

L B ,f C* 1+n ) i=l 

R\ 

1=1 

Hence, using a similar way as in (15. 6p . 

^<INlf- (6-7) 

We now give the estimate of Q[\stf d^ 2 {v\...v^)). Since we have obtained the estimate 
in the case a = 0, it suffices to consider the case a = 3. Let ipi {i = 1, 2) be as in 
Lemma I4T21 and Pi = . We have 

($\srfdl 2 {v,...v k )) 

< E (^) 3 |l^^(^x 3 2 K-^))II^L| 2 ,...„„L ? 

+ Yl (^} 3 ii^^KC(^-^))ii^ 1 ^ 2i .._ i? 

fcez™, |fc 1 |=fc max >4 

:=III + IV. (6.8) 
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in < E (^> 3 E ll p i n feKC( D ^)^- n fc (H)^))ll^^ 2 

fcez™, |fci|=fc max >4 s (i) 

fce» i , |fc 1 |=fc max >4 s (i) 
:= ///i + /I/ 2 . (6.9) 

By Lemma I4.2[ 



//J ^E E (^"IPfcC^wvi.-.n^^ii^^^. (6.io) 



5 (i) kez™, |fci|=fe max >4 



By symmetry, we may assume \k^\ = maxd/cj 1 ^, I&i^l) in S^. Hence, 

R 



rR-lroo roc 



^1 5 1^1 ^| r ^^max>4 

< Qi\vi) fli&Hvt) + Q?( Vi )) < \\u\\l (6.11) 
Applying (14.21) and using a similar way as in (15.121) . 

Hh < E (^l) 3 (^max) 3/2 E \\ n k( n kmVl..n k( n ) V R )\\ L (2+ m )/(i+r n){Rl+ ^ 

fcez™, |fei|=fc max >4, |fc 2 |<|fei| §(!) 

i=i 

So, we have shown that 

III < \\u\\l (6.13) 
Now we estimate IV. Using the decomposition ( 16. ip . 

IV < Yl (A;i) 3 E ll p 2n fe (^C( n ^)^--- n ^)^))II^Ll 2 ,...,, n L ? 
fcez™, |fc 1 |=fc max >4 s (2) 

+ E <^> 3 E ll^n fc (^ a (n fc (i)Vi...n fc (A,Wfl))IL»L 52i ... iXB ^ 

fcez™, |fci|=fc max >4 §« 
:= JUi + JU 2 . (6.14) 
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By Lemma 

~ E E (^) 3 lp fc (n fc (^i...n fc («)^)llL ii L| 2 ,...^L ? - (6.15) 

§ (2) fcGZ™, |fc 2 |=fc m ax>4 

In view of the symmetry, one can bound IV\ by using the same way as that of II I\ 
and as in flo~TD - (15371) : 

JVi ^ Nl§- (6-16) 
For the estimate of IV2, we apply (14.21) . 



^2< Yl (fci) 3/2 (fc 2 ) 3 ^||P2n fe (n fe (i)^i...n fc (fl)^)ll L p r )/(i + ™) 



fceZ", |fc 1 |=A: max >4 § (2) 



) 

^ E ll D fc( 1 ) t 'i--- n fc(«) t, /jllL( 2 + m '/( 1 + m )(Ki+™) ~ \\ u \\x- (6-17) 

Hence, in view of (16.161) and (16.171) . we have 

IV<\\u\\l (6.18) 
Collecting (16751) . (16771) . (1031) and flBTHl) . we have shown that 

n 

J2 £\^d: ] (u R °(d?u) R ^dru) R >(d:*u) R n) < \\u\\l (6.19) 

a=0,3 ij'=l 

For later estimate, we need a nonlinear mapping estimate 

Lemma 6.2 ( |28j, Lemma 7.1.) Let s ^ 0, 1 < p,Pi,"f, 7i < oo satisfy 

11 111 1 . 

- = — + ... + —, - = — + ... + —. 6.20 

P Pi Pjv 7 7i 7tv 

T/ien 

||njfe(wi...wj\r)|| i?£g(R i+n) ^ II ( E (Mi ^!!^?^™) I • (6-21) 
fceZ" i=i \feez n / 

Firstly, We estimate (^(u Ro (d^u) Rl (d^ 2 u) R2 (d^u) R3 )) and 
q^^u^^u^^u^^u)^)). In view of (EM and (13T24D . 



^ ^ 1) (^(w i?0 (^ 1 w) i?1 (^ 2 w) i?2 (^"^ ) 



i=2,3 
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<Y(k) 3 ^n k (u Ro (d^u) R i{d^u) R2 (d: 3 u) R3 )\\ 2^ . (6.22) 
We use Lemma 16.21 to control the right hand side of f 1 6 . 2 2 1) : 

j2(k) 3/2 \n( Vl ...v A )\\ a* 



m+l / \ R / 

~ n E< fc ) 3/2 n n ^ii4t m (K i+ ") n Ew i/2 ii n ^iu?r,(« i+ ") 

i=i VfceZ" / j=m+2 \fcez n 

m+l / \ R { 

i=l Vfeez™ / j=m+2 Vfcez™ 

^n^W^Nll- (6-23) 

i=i 

Secondly, we estimate Q { i\s^b^ 1 {u R °{d^u) Rl {b^ 2 u) R2 {d^ z u) Rz )). 

< (^) 3/2 - 3/m |P^C (^..^) |U ?1 L S ,..._^(« 1+ «) 

fcez™, fc max >4 



+ E (*> 3/2 - 3/m |P*^ IU»L»,...^X F .(MX + -) 

:=y + K7. (6.24) 
By f !3.24p and Lemma [6.21 we have 

VI<J2 \n(vx...v A )\\ ^ < \\u\\ R . (6.25) 



It is easy to see that 

v<( E +•••+ E )w 3/2 - 3/m 

\fceZ™, |fci|=fc max >4 fegz™, \k n \=k mm >4/ 

x IPfc^C IUs\^ 2 ,...,, n ir(R 1+ ' 1 ) := T iH + ••• + T «( M )- ( 6 - 26 ) 

Applying the decomposition (16. lft . ( 14.4D and Lemma I4T31 . we obtain that 



Ti(«) < E ( fc i) 3 E H n ^ (□*(x)«i.-n Jfc ^T; 5 ) lk A ...^. 
fcez™, |fei|=fc max >4 §(i) 



1 + 



+ E ^> 9/2 E 11°^ (□fcCi)*i...n jfc (*,«jO II =±i , (6-27) 

fcez", |fc 1 |=fe max >4 §(i) l m ( Rl+n ) 
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which reduces to the case a = 3 in ( 16. 2ft . So, 

Ti(«) < Ml (6.28) 

Again, in view of (14.41) and Lemma I4.3[ 

T 2 («) < E (fc 2 ) 3 E Pa (□ fc(1) ^...n M «)^) IIli 2 l| 1 , I3 ,...^l?(iri+«) 
fceZ", |fc 2 |=fc m ax>4 s (») 

+ E (^) 9/2 Ell n 4 n ^ Ul - n fe(H)^)ll l±i > ( 6 - 29 ) 

fceZ", |fc 2 |=fc max >4 g(2) (K 1+n ) 

which reduces to the same estimate as Ti(u). Using the same way as T 2 (u), we can 
get the estimates of Y 3 (w), Y n (w). So, 

eiVCK--^)) £ Nil- (6-30) 

We need to further bound q£ ( v i-" v r))i * = 2, ...,ra, which is essentially the 

same as ^ (^^ 1 (' u i---' t 'fl))- Obviously, (16.24p holds if we substitute d Xl with Q 3 ,.. 
Moreover, using ( 14.411 . Lemmas 16.21 and I4.3[ we easily get that 

p« (i/^fa...^)) < . (6.31) 

By Lemma |3~2"} (13.211) . we see that 

\\ n k^d 3 x J\\ LrL2nL 2+ m{R1+n) < (/ci) 3 ||n fc /||^ . (6.32) 

Hence, in view of ( I3.22p . repeating the procedure as in the estimates of pziu) in 
Theorem Ol ^(^^(wi- 

can be controlled by the right hand side of (16.271) 
and (16.251) . By symmetry, the estimate of g^\^/d 3 . (vi...v^)), i — 2, ...,n is identical 
to ^3 (fi...w^)). Summarizing the estimates as in the above, we have shown 

that 

\\Pu\\x<\\u \\ M 9 / 2+ IHI?- ( 6 - 33 ) 

m+l<R<M+l 

Therefore, the desired result holds by a standard contracting mapping argument. 
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